Time dependence and (non)commutativity 
of symmetries of evolution equations 



Artur Sergyeyev, 
Mathematical Institute, Silesian University at Opava, 
Bezrucovo nam. 13, 746 01 Opava, Czech Republic 
E-mail: Artur.Sergyeyev@math.slu.cz, arthurser@imath.kiev.ua 

Abstract 

We present easily verifiable sufficient conditions of time-independence and commutativity for 
local and nonlocal symmetries for a large class of homogeneous (l+l)-dimensional evolution sys- 
tems. In contrast with the majority of known results, the verification of our conditions does 
not require the existence of master symmetry or hereditary recursion operator for the system 
in question. We also give simple sufficient conditions for the existence of infinite sets of time- 
independent symmetries for homogeneous (l+l)-dimensional evolution systems within slightly 
modified master symmetry approach. 



1 Introduction 

Nearly all known today integrable systems are homogeneous with respect to some scaling. For such 
systems no generality is lost in assuming the homogeneity of symmetries, master symmetries, recursion 
operators, etc., and this considerably simplifies their finding and study, see e.g. flfl-lT0| . 



In the present paper we combine this well-known idea with our new results on the structure of 
time- dependent (cf. e.g. || TT|, [1^, 0, [14]] for the time-independent case) formal symmetries for a 



natural generalization of the systems, considered in [11], |l^, |15] , namely, for (l+l)-dimensional non- 
degenerate weakly diagonalizable (NWD) evolution systems with constraints. This enables us to find 
simple sufficient conditions for the commutativity and time-independence of higher order symmetries 
and for the existence of infinite number of such symmetries for homogeneous NWD systems with con- 
straints. Note that the majority of known 0, [U], |12[ and recently found, see e.g. |7|, [L6|, [L7|], integrable 



evolution systems in (1+1) dimensions fit into this class. Moreover, our results, unlike the majority 
of already known ones, are valid for the systems with time-dependent coefficients as well, cf. e.g. [18|, 
and are not restricted to scalar equations. 

Let us stress that the proofs and the application of our results involve just an easy verification 
of some weight-related conditions and do not rely on the existence of a master symmetry or e.g. 
(hereditary) recursion operator. Hence, the results of present paper, except for those on existence of 
infinitely many symmetries, can be applied to non-integrable systems as well. On the other hand, 
the simplicity of use makes our results particularly helpful in the study of new integrable systems, for 
which only a few higher order symmetries and (sometimes) a 'candidate' for the master symmetry are 
known, but no recursion operator is yet found. Indeed, we show that the check of a small number 
of conditions for the low order symmetries can replace tedious checks, cf . [^] , that time- independent 
symmetries of sufficiently high order commute, that a 'candidate' for master symmetry is a nontrivial 



master symmetry and that its action yields the symmetries being well-defined (cf. Jl0[ for recursion 
operators and local symmetries) functions of local variables x, t, u, ui, . . . and of nonlocal variables u 11 
defined below. 
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Note that, unlike |4], [5], [19|], in order to prove the existence of infinitely many symmetries we do 
not make a priori extra assumptions, say, about the existence of "negative" master symmetries Tj, 
j < |TJ|: all we need is a suitable 'candidate' r for the master symmetry and a higher order time- 
independent symmetry. We also show that in order to verify the commutativity of all higher order 
time-independent homogeneous symmetries at once it suffices to check only a small number of condi- 
tions for the time-independent symmetries of order lower than two. Moreover, checks of this kind are 
almost entirely algorithmic, so computer algebra software can be readily applied to perform them. 

The paper is organized as follows. In Section we give some definitions and facts, being the 



straightforward extension of those from [11, 12, 15] to the case of explicitly time-dependent evolu- 



tion systems with constraints. In Section 3 we present the sufficient conditions of well-definiteness of 
the symmetries generated by means of master symmetry for the general evolution systems with con- 
straints. In Section [| we define nondegenerate weakly diagonalizable (NWD) systems with constraints 
and present some results on structure of their formal symmetries. In Section |^ we find the sufficient 
conditions for commutativity and time-independence of higher order symmetries and for the existence 
of infinite hierarchies of time-independent higher order symmetries for homogeneous NWD systems 
with constraints. 



2 Basic definitions and structures 



Let us consider a system of evolution equations with constraints (cf. pig 

du/dt = F(x, t, u, . . . , iv, u) 



(1) 



for the vector function u 



u 



s\T 



Here Uj = d j u/dx j ,u = u and F = (F 1 , . • • , -F s ) 



s\T. 



10, 



) T ; T denotes the matrix transposition. The nonlocal variables uj a are defined here by 



means of the relations 15, 20 



dujdx = X a (x,t,u,ui, . . .,u h ,uj), (2) 
du a /dt = T a (x,t, u,ui, . . .,u h ,i3). (3) 

We shall denote by fl the set of nonlocal variables u; 7 , 7 = 1, . . . , c. 

Let Aj t k{Q) be the algebra of all locally analytic scalar functions of x, t, u, Ui, . . . , Uj, u)\, . . . , 
with respect to the standard multiplication, A = A{Q) = Ufc=i UJlo ^j,k(^), an d let A\ oc = {/ G A \ 
df /du = 0} be the subalgebra of local functions in A. Note that we do not exclude the case c = 00. 
The operators of total x- and t-derivatives on A have the form 

d ~ d JL „ 3 



D = D X 




OX j = o (Jlli 



_d_ 
du, 



0=1 



+ £T Q 

a=l 



d 

OuJn 



Following [15 



20), we require that [D x , D t ] = or, equivalently, D t (X a ) = D x (T a ) for a = 1, . . . , c. 
We shall denote by ImD the image of A under D. Throughout this paper except for Section |3| we 
make a blanket assumption that the kernel of D in A consists solely of functions of t. 

Consider the set Mat p (^l)[D _1 ] of formal series in powers of D of the form fj = £j = „ oc hjD\ 
where hj are p x p matrices with entries from A, cf. e.g. [11, 12| . We shall write for short 
instead of Mat! (A) [D -1 ]. 

The greatest m G Z such that h m ^ is called the degree of f) G Mat p (.A)[Z^ _1 ] and is denoted as 
m = deg^. We assume that degO = —00, cf. e.g. [0. The formal series S) of degree m is called non- 
degenerate |I2| , if det h m 7^ 0. For = YllL-oo^i^ e ^[-D -1 ]) h m 7^ 0, its residue and logarithmic 



residue are defined as resfj = h-\ and res In ft = h m _i/h m |Tl], |12[ 



2 



The set Mat p (,4) \D x ] is an algebra under the multiplication law, given by the "generalized Leibniz 
rule",cf. i, 

" z(i - 1) • • • (i - q + 1) „ a ,^ i+j _ q 



for monomials aV 1 , bD\ a, b G Mat p (^4), and extended by linearity to the whole Mat p (.A)|[.D _1 ]. The 
commutator [21, OS] = 2loQ3 — *Bo2l makes Mat p (.A) [-D -1 ] into a Lie algebra. Below we omit o if this 
is not confusing. 

G G A s is called, see e.g. JT], [J, a symmetry for ([1])-(|3|), if 

<9G/<% + [F, G] = 0, (4) 

where [■,■] is the Lie bracket [K, H] = H'[K] — K'[H]. The directional derivative of any (smooth) 
function / G A q along H G A s is defined here as /'[H] = (df(x, t, u + eH, ui + e_D x (H), . . .)/de) e= Q. 
Extending the technique of |l5j to the case of time-dependent systems flU)-©, we can easily show 
that for any / G A we have /' G ^[D -1 ]. 

For any / G A q we shall define its formal order as ford / = deg /'. This naturally generalizes the 
notion of order for local functions, cf. e.g. Jl], |T2]| . 

Let be the set of all symmetries G e A 3 for (Q)-®, ^ fc) (^) = {G G 5 F (^) | fordG < k}, 

Aim F (A) = {G G S F (A) | dG/dt = 0}. In general, for .4. 7^ A\ oc neither A s nor SfC^) are closed 
under the Lie bracket, but if [P, Q] G A s for some P, Q G Sp(A), then we have [P, Q] G Sp(A). 

A formal series £R: = Yl^-ooVj^ Mat s (.A)|[.D _1 ] is called [p], [11, 15] the formal symmetry of 
rank m for (|IJ) (or, rather, for (|I])-(R|)), provided 

deg(A(9t) - [F', 9t]) < deg F' + deg 9t - m. (5) 



The derivative -Df(lK) is defined here as D t (fR) = X^=-oo -Dt(r)j)D 
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The set FSp(A) of all formal symmetries of rank not lower than q of system (TXJ) — (0) is a Lie 
algebra, because for the formal symmetries and of ranks p and q we have [<p,jQ] G FSP(A) for 



r = min(p, g), cf. [12 



Eq.(||) is well known to be nothing but the compatibility condition for ([]]) and du/dr = G. 
Provided G G A s , we have d(du/dr)dt = D t (G) and d(du/dt)dr = F'[G]. Hence Eq.(|) may be 
rewritten as D t (G) = F'[G]. 

1 -j, ii <pi = <j>i{x,t),i = n -j, . . . ,n, 

2 otherwise. 

Since A(G) = F'[G] implies A(G') - [F', G'] - F"[G] = 0, and degF"[G] < degF' + n - 2, we 
readily see that G' G FS£ ordG ~ no+2) (.4). 



Let F' = and n 



3 Action of master symmetries on time-independent sym- 
metries 

As we have already mentioned above, for P,Qg4 s in general [P, Q] G" A s . In particular, when we re- 
peatedly commute a master symmetry t G A s with some time- independent symmetry Q G Annp(*4.), 
it is by no means obvious that Qj = ad^.(Q) = [r, Qi_i] belong to A s , except for the case A = A\ oc - 
In some cases we can make the conditions [r, Qj] G A s or [P, Q] G A s hold by introducing new 
nonlocal variables cD K and thus replacing A by a larger algebra A. But in order that [P, Q] G A s for 
P, Q G A s it obviously suffices to require that lj' [P] G ^4 for those on which Q actually depends 



and ct£[Q] G A for those c^v on which P actually depends, cf. Ch. 6 in |p0[| 
Moreover, we have 
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Proposition 1 Let r, Q G A 3 , u^[Q] G A and Ol>' 7 [t] G A for 7 = 1,..., c. Then Q t = ad^(Q) G A s 
for all I = 1, 2, . . .. 

Proof. Let us use induction. To prove that [r, Qj] G A s , if Qz = [t, Qj_i] G ^4 s , it suffices to prove 
that uj' v ([t, Qi-i}) G A for all ixv which r depends on and that u' s [t] G ^4 for all u>s which [r, Qj_i] 
depends on. As uj' v ([t, Qj-i]) = (u^[Qz_i])'[t] — (o;£,[t])'[Qj_i], it suffices that uj' [t] G A for all u 7 , 
which [r, Qz_i] and u;^[Q/_i] depend on, and w^[Qj_i] G A for all cu K which r and ^[r] depend on, 
in order that [r, Qj] G -4 s . □ 

It appears that nearly all known master symmetries of integrable systems (HD-(fD satisfy the con- 
ditions of Proposition [I] for a suitably chosen set Q of nonlocal variables u 7 , so their action indeed 
yields the symmetries from A s . For instance, if dF/du) = and A = A(Q\jac,f), then by virtue of the 
results of |2(J Proposition |Tj holds true for any r, Q G Sp(A). Here fl\jAc,F is the set of all nonlocal 
variables u; 7 associated with the universal abelian covering (see |20| for its definition) over ([J). Let 



us stress that Proposition [I] is valid for any r and Q meeting the relevant requirements, no matter 
whether r is a master symmetry and Q is a symmetry for (|])-(|]). 

Note that Proposition [l] is obviously valid for more general systems of PDEs with constraints than 
([[])— (H), if we suitably redefine for them the Lie bracket, the directional derivative and the algebra A. 



4 The structure of formal symmetries for NWD systems 

Consider a particular class of evolution systems with constraints (|])-(3) such that n = fordF > 2 
and the leading coefficient $ of the formal series F' (i.e., F' = §D n + . . .) has s distinct eigenvalues A, 
and can be diagonalized by means of a matrix T = T(x, t, u, . . . , u n >,uj), i.e., the matrix A = r$r _1 is 



diagonal, cf. JTl], |12| . For these systems there exists a unique formal series X = T + T Yl'jLi ^jD ^ G 



Mat s (^l)[L'~ 1 ] such that all coefficients of the formal series 53 = XF'X -1 + (D t (%))1~ 1 are diagonal 
matrices and the diagonal entries of matrices Tj,j = 1,2,..., are equal to zero. The proof is essentially 
the same as for Proposition 3.1 from |]11[ . We shall call the systems with constraints (P])-(Bp having 
the above properties and such that det $ ^ nondegenerate weakly diagonalizable (NWD). Note that 
when u is scalar, i.e., s — 1, any system (0)-(^) with n = fordF > 2 obviously is an NWD system 
with constraints, having X = 1 and 5J = F'. 

Below in this section @ will be an NWD system with constraints. 

Eq.(|) yields fTI|, deg(A(*K) - [QJ, &]) < degQJ + deg^H - m, where «H = X91X" 1 , whence we 
find (cf. || [L2|, |i~3f ) that any 91 G F S^ +1 \A) can be represented in the form 

$K = X- 1 | V c # (t)2P> ) x + -X- 1 (D- 1 (c r (i)A~ 1/n 

\ J=r ^ n+l JW y 7i v v rW (6) 

-rc r (t)A(A- 1/n ))) 5J r ^ ±i X + D f I, deg91<r-n+l. 
Likewise, for 91 G FSp^ (A) with m = 2, . . . , n we have 



SK = X- 1 £ Ci (t)2J^ n X + 91, deg 91 < r - m + 2. (7) 




Here r = deg 9% 91 = bD u +- ■ ■ G Mat s (.A) \D x ] is some formal series, v = r—n in (^) and z/ = r— m+1 
in (0); Cj(t) and rfrT -1 are diagonal s x s matrices; for 03 = diag(2Ji, . . . , Q3 S ), Q3j G .4|.D _1 ], we set 
Oji/n _ di a g(23^/ n ; . . . , 23^ n ) HTT|| ; dot stands for the partial derivative w.r.t. t. 

In this section we assume that any function h + a(t), where a(t) is an arbitrary function of t, can 
be taken for D _1 (/i), if h = D(h) and h,h G A. 
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For m = 2, . . . , n + 1 Eqs. (^), (0) represent a general solution of (|5|) for any NWD system with 
constraints ([l])-(|3]). Hence, if at least one entry of the matrix (c r (t)A _1 / n — rc r (t)D t (A~ l l n )) does not 
belong to ImD, then ([l])-(|3]) has no formal symmetries from FS^p +1 \A) with a given c r (t). 

For any <p = %- 1 c p {t)m p / n< Z H and £2 = %~ l d q {t)V3 q l n % + • • • we have 



[<P,jQ] = ^(l/nXpc^KW - g^(t)c p (t))<IJ £± ^ i X + £ (8) 

by virtue of (f|), provided ^3, H G FSp +1 \A). Here ^ G Mat s (^4)[-D _1 ] is some formal series, 
deg A < p + q — n. 

Let P,Qei s ,RE [P, Q]. Then R' = Q"[P]-P"[Q]-[P', Q']. If P, Q G S F {A), then (|) and © 
for -Eft = P' and 9i = Q' imply degP"[Q] < p-\-n Q — 2 < p + q — n and degQ"[P] < g + n — 2 < p+q — n 
for p, q > n + n — 2, p = fordP, g = ford Q. This result and (§) for <}3 = P', £J = Q' yield 

[P,Q]' = -%- l {l/n)(pc p {t)d q {t) -qd q (t)c p (t))^ s± ^% + k, (9) 

where 8. G Mat s (^4)[D _1 ] is some formal series, deg J? < p + q — n. 

So, if P, Q G S F (A), p, q > n + n - 2, then ford R < p + q - n. If R G A s , then R G S , Jr f *~ ft) (.A) , 
and R G 4 P+9_ri-1) (^)> if PCp(t)d q (t) = qd q (t)c p (t). 

Let (|l])-(@) have a nondegenerate formal symmetry 91 G Mat s (.A)|[.D _1 ], r = deg 91 7^ 0, of rank 
q > n. Then D t (p°j) G ImD, i.e., p" are conserved densities, for a = 1, . . . , s and j = —1, 0, . . . , q—n—2, 
where pg = resln((X9tX _1 ) 1/r )aa and p] = res((TlHT~ 1 ) J ' /r ) aa for j ^ 0, cf. |TT|. Forn < 2 we have 
p a g Im D for all a — 1, . . . , s and j = —1, 0, . . . , — n . 

Proposition 2 Let an NWD system with constraints ^)-(^) have a nondegenerate formal sym- 
metry 9t G Mat s (.A)[.D _1 ], r = deg9t 7^ 0, q = rank9t > n; let for a = l,...,s there exist 
m a G {—1,1,2,..., min(n — 2, q — n — 2)} such that m a 7^ 0, p^ a G" ImD and p°j G \m.D for 

j = —1,1 ... , m a — 1, j 7^ 0. Then for each *}3 G F5'^ +ri+2 ' ) (^4) , m = maxm„, there exists a constant 

a 

s x s diagonal matrix c such that *}3 = X _1 c9l p / r X + ■ • p = deg ^3. 

Proo/. Since 91 G F^ +1) (A), by (§ we have 91 = %- 1 h(t) l %r' n % + ■■■. For any G FS^ +1) (A) we 
can (cf. m [14j and (§)) represent ^3 = X^3X _1 as 

* = £ + - (zr 1 (^(t)(Mt))"Vi)) + & (10) 

j=p—n+l " 

p—n 

Here 9T = E e Mat s (^4)[D _1 ], Cj(t), 6 p _ n are diagonal sxs matrices, p_i = diag(p 1 i 1 , . . . , 

j=-oo 

pli), 9t = X91X -1 ; the fractional powers 9V/ r are defined so that their first r coefficients are diagonal, 
cf. 0,0. 

For G FS^A) we have deg(A(<P) -[%,%])< n + p - d, and thus deg(A(&) - &]) < 
n + p + i — min(g, d) for = *p9l l / r . Hence, for — p — 2 < 2 < min(g, d) — n — p — 1 we have 

res(A($i) -Mi]) = 0. 

Let us plug (p!U|) into this equality for — p — 2 < i < min(g, d, 2n) — n — p — 1 and break it into s 
scalar equations. Since res([3J, ^pj]) oa G YmD by Adler's formula, see e.g. Hl2| , and D t (pj +i ) G ImD 

by assumption, we easily find that for any ^3 G FS'^ n+n+2 ' ) (^4.) we have (c p (t)) aa p^ a = modulo the 
terms from ImD for all a = 1, . . . , s. So, c p (t) = 0, and the result follows. □ 

Corollary 1 Under the assumptions of Proposition^, for any G G Sp{A), k = fordG > m + n + n , 
we have G' = X _1 c9t fc / r X + • • •, where c is a constant sxs diagonal matrix. 
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5 Symmetries of homogeneous NWD systems 



Let d])-© possess a scaling symmetry D = atF + xui + /3u, where j3 = diag(/?i, . . . , j3 s ) is a diagonal 
matrix, a, (3j = const, and let the determining equations (H), (U) for cj 7 , 7 = 1, . . . , c, be homogeneous 
with respect to D. Then we shall call the evolution system with constraints homogeneous 
w.r.t. D, cf. e.g. |7|, || 10, 20]. If a formal vector field Gd/du is homogeneous of weight k w.r.t. D, 



then we shall say for short that G G A s itself is homogeneous of weight k and write wt(G) = k. 

For homogeneous systems (jl|)-(@) there usually exists a basis in Sp(A) made of homogeneous sym- 
metries, and hence the requirement of homogeneity of P, Q and r below is by no means restrictive. 
So, the phrase like "for all (homogeneous) H G M. the condition P is true" below means that there 
exists a basis in M. such that all its elements are homogeneous w.r.t. D, and for all of them the 
condition P holds true. We have an obvious 

Lemma 1 Let fif\)-(®) be a homogeneous system with constraints, and homogeneous P,Q G Sf(A) 
be such that [P,Q] G M., where M. is a subspace of A s . Suppose that wt(G) 7^ wt([P,Q]) = 
wt(P) + wt(Q) for all (homogeneous) G G S^ +q) (A) n M, p = ford P, q = ford Q. Then [P, Q] = 0. 

This result, as well as other results below, allows to prove the commutativity for large families of 
symmetries at once. Examples below show that we can usually choose the subspaces like M. large 
enough so that the condition [P, Q] G M. can be verified for all symmetries in the family without ac- 
tually computing [P, Q]. On the other hand, by proper choice of these subspaces we can considerably 
reduce the number of weight-related conditions to be verified, and thus make the application of our 
results truly efficient. 

Below in this section we assume that (0])-© is a homogeneous NWD system with constraints and 
P, Q G S F (A) are its homogeneous symmetries, p = fordP, q = ford Q. Note that if p, q > n + n — 2, 
then by (^) we should verify the conditions of Lemma [I] only for G G Sp +q (A) D M. (for G G 
S^ +q ' n ' 1] {A) n M, if in addition pc p (t)d q (t) - qd q {t)c p (t) = 0). 

5.1 Commutativity and time dependence of symmetries 

Corollary 2 Let a ^ 0, d^/dt = and dX 1 /dt = dT^/dt = 0, 7 = l,...,c. Let homoge- 
neous P,Q G Ann F (A) be such that [P, Q] G C, where C is a subspace of A s . Let p,q > b F = 
min(max(n , 0), n + n — 1), where p = fordP, q = ford Q. Suppose that wt(G) 7^ (p + q)a/n for all 
(homogeneous) G G S f 1 °' 1 \A) n Ann F (^l) n C. Then [P, Q] = 0. 

Proof. If P,Q G Ann F (A), [P,Q] G A s , p,q > b F , then, using (g), <g) and ©, we find that 
[P, Q] G M = S ( P +q ' 1] (A)nAnn F (A). Eqs. (|) or (g) for m = G' imply wt(G) = ka/n ^ wt([P, Q]) = 
(p + q)a/n for all homogeneous G G M with k = fordG > n . Hence, under our assumptions 
wt(G) 7^ (p + q)a/n for all homogeneous G G Af H C = Ai, and thus by Lemma [I] [P, Q] = 0. □ 
For instance, for the integrable [21] equation ut = -D 2 (u^~ 1 ^ 2 ) + u^ 2 = K with hq = 2 and a = 3/2 



the space (*4ioc) H Ann^(^4 loc ) is spanned by 1 and Ui, and wt(l),wt(iii) < 1 < a(p + q)/n = 
(p + q)/2 for p,q > bx = 2. Hence, by Corollary ^| all (homogeneous) time-independent local gener- 
alized symmetries of formal order p > 1 for this equation commute. 

Likewise, using Corollary we can easily show that for any A-homogeneous integrable evolution 
equation with A > from M all its x, t-independent homogeneous local generalized symmetries of 
formal order k > commute. 

If uq < and, in addition to the conditions of Corollary ^| for P and Q, the commutator 
[P, Q] G S F (Aioe), [P, Q] is x, t-independent and wt([P, Q]) ^ 0, then [P, Q] = 0. The weight-related 
conditions are automatically satisfied, as the only x, t-independent symmetries in S^ 0-1 ^(^4i oc ) are 
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constant ones, and their weight is zero. In particular, for any homogeneous (with a 7^ 0) NWD 
system of the form u t = $(x)u n + i)u n _i + f (x, t, u, . . . , u n _ 2 ), where $, ^ are s x s matrices, 
all homogeneous x x t-independent local generalized symmetries of formal order k > commute. 

Let 91 G FS F (A) be a nondegenerate formal symmetry for (0)-(0), r = degO^t 7^ 0. Then 
by (0) 9<t = Y- 1 h{t)k r/n YD r + ■•■, where fc(t) = diag(/i x (t), . . . , /i,(t)) is a s x s diagonal matrix. 
Assume that is homogeneous w.r.t. D and Cm = {cn/n + wt(h(t))/r) 7^ 0. Let Zp,yi(A) = 
{G G Si?(^4) I k = fordG > n ; there exists a diagonal matrix c(t), wt(c(£)) = 0, such that G' = 
T- l c{t){h{t)) k l r A k l n TD k + ••■}. We set here {h{t)) k l r = diag((/n(t)) fc / r , . . . , {h s {t)) k ' r ). Let also 
St F,m(A) = {G G Zp t 9t{A) I c(t) is a constant matrix}, and Np^A) be the set of symmetries 
G G S F (A) such that jfe = fordG > n , k < j, and G' = T- l c(t)(h(i)) k ' r k k ' n TD k + ■■■, where c(t) is 
ansxs diagonal matrix, different for different G and k, and the entries of c(t) are linear combinations 
of functions of t, say, 4>b(t), such that for all b we have wt (?/>{,(£)) < Cm(j — f° r Cm > and wt(^>&(£)) > 
Cm(j _ fc) f° r Cm < 0. For any homogeneous G G Np m (A) we have wt(G) < jCm for Cm > and 
wt(G) > jCm for Cm < 0, so wt(H) 7^ wt(P) for any homogeneous P G Zp,9\{A) and H G N^ d P ^ (A) ■ 

Let P, Q G Sf(A) be homogeneous, and [P, Q] G £1 U £2, where C\ is a subspace of ^p^{A) 

for some j and £H, and £2 is a subspace of (.4.) for some d. Assume that 9t satisfies the above 
conditions, wt([P, Q]) > jCm for Cm > and wt([P, Q]) < jCm for Cm < 0, and wt(H) 7^ wt([P, Q]) 
for all (homogeneous) He£ 2 /(£ 2 n N^k(-4)). Then by Lemma g] [P, Q] = 0. 

Suppose that, in addition to the above conditions for [P,Q], we have d < 0, wt([P,Q]) > for 
C<r > and wt([P,Q]) < for Cm < 0, and [P, Q] belongs to Sf(A\ oc ) and can be represented (as 
function of t and x) as a polynomial in variables x(t) and £(ar) such that wt(x(t)) < and wt(£(x)) < 
for Cm > 0, and wt(x(t)) > and wt(£(x)) > for Cm < 0. Then [P, Q] = 0, and there is no further 
weight-related conditions to verify. Indeed, Sp(Ai oc ) for any d < is spanned by the symmetries of 
the form G = G(x,t), and for any homogeneous symmetry H = H(x,t) being a polynomial in x(t) 
and £(x) we obviously have wt(H) 7^ wt([P, Q]). 

Note that under the assumptions of Proposition ^| all G G Sf(A) with fordG > m + n + hq 
belong to Stp^.A) by Corollary |l[ Suppose that 9t satisfies the conditions, given above. Let 
d = min(m + n + n — l,p + q). Then for any P, Q G Sp(A) such that [P, Q] G A s we have [P, Q] G 
N !?m \ A ) u S f\ A )- Then [ p > Q] = for homogeneous P, Q G Z F &{A), once wt(H) ^ wt([P, Q]) for 
all (homogeneous) H G S F i) {A)/{S F i) {A) n N { ^\A}). If p, q > n + n - 2, then by (g) we can take 
d = mm(m+n+n — l,p+q—n) (or d = mm(m+n+no—l,p+q—n—l), if pc p (t)d q (t) —qd q (t)c p (t) = 0). 

If dF/dt = dX 7 /dt = dT 7 /8t = 0, 7 = 1, . . . , c, then F G S F (A), and dF/dt = [P, F] G S$\A) 
for P G Sp(A). So, taking Q = F and imposing the extra condition d < p in three previous paragraphs 
yields valid results. 

We also have the following 

Proposition 3 Let a / and dF/dt = 0, dX^/dt = dT^/dt = 0, 7 = l,...,c; let homogeneous 
P G Sf(A) be such that p = fordP > n , ford<9P/<9t < p and [P, F] G C, where C is a subspace of A s . 
Suppose that wt(G) 7^ (p + n)a/n for all (homogeneous) G G Sp (A) fl£ such that G (A). 
Then [P, F] = 0, and thus dF/dt = and P G Aim F {A). 

Proof. As ford9P/<9t < p, we have dP/dt = [P,F] G S^^A) n C = M. The conditions 
ford9P/(9t < p and p > uq by virtue of @ or ([?]) for 9^ = P' readily imply wt(P) = pa/n. Hence 
wt([P, F]) = (p + n)a/n, and thus by Lemma [I] [P, F] = 0. □ 

Let a > 0, <9F/<9t = 0, <9X 7 /<9t = d r T 1 /dt = 0, 7 = 1, . . . , c, and homogeneous P, Q G St FiP /(.A), 
q > be polynomials in £. If we take the space of symmetries from Sp{A) polynomial in time t, 
for £, and set L x = N^(^) n £, C 2 = ^ no_1) (^) n£, d = n - 1, then [P, Q] G d U C 2 = M, and 
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thus the weight-related conditions of Lemma [1], Corollary 0, Proposition^, etc., are to be checked only 
for (homogeneous) G G C 2 - Furthermore, if n < 0, then S ( ^ " 1 \A\ OC ) contains only the symmetries 
G = G(x,t), and so any homogeneous local generalized symmetry K of formal order k > being 
polynomial in t and x and such that d 2 ~K. / du^dt = is in fact time-independent, and any two such 
symmetries commute. This result applies e.g. to any homogeneous NWD system with a > having 
the form u t = $(x)u n + ty(x)u n _i + f (x, u, . . . , u„_ 2 ), where $, \1/ are s x s matrices. 



5.2 Master symmetries of homogeneous NWD systems 

Corollary 3 Let a^O, d&/dt = and dX^/dt = dT^/dt = 0, 7 = 1, . . . , c. Suppose that there exist 
a homogeneous Q G Annp(.A) and a homogeneous r G A s such that Or jdt = 0, d[r, F]/dt = 0, K = 
t+£[t, F] G Sp(A), q = fordQ > n+n — 2, b = ford[r,F] > max(fordr, n), the formal series ([r,F])' 
is nondegenerate, [[r,F],Q] G £, where £ is a subspace of A s , [r, Q] G .4 s . Lei wt(H) 7^ (b + q)a/n 
for all (homogeneous) H G £nSj^° ^(.A)nAnnp(.A). ThenQi = [r, Q] G Annp(.4.) ; andfordQ! > g. 

Proof. From (g) with G = K it clear that [r, F] G Ann F (^l), so by Corollary [| [[t, F], Q] = 0, whence, 
using [F, Q] = and the Jacobi identity, we find that [F, [r, Q]] = 0, so [r, Q] G Ann F {A). By (||) 
the nondegeneracy of ([r, F])' readily implies ford[r, Q] = ford[K, Q] = b + q — n > q. □ 

Theorem 1 Let the conditions of Corollary^ be satisfied, ad| xF j(Q) G Cj, where Cj are some sub- 
spaces of A s , Qj = ad-^(Q) G A s , and wt(H) 7^ ((b — n)j + q + n)a/n for all (homogeneous) H G 



Cj n S^ 10 n Ann F („4) ; j = 2, . . . , i. Then Qj G Ann F („4) and fordQ, > fordQ^i, j = 1, 



The proof of the theorem consists in replacing in Corollary |3] the symmetry Q by Qj = ad^(Q) 
and repeated use of this corollary for j = 2, . . . , i. Note that we can easily verify that ad-^(Q) G A s , 
using Proposition |I[ 

Thus, Proposition p], Corollary |3] and Theorem [l] enable us to ensure that t indeed is a nontrivial 
master symmetry, producing a sequence of symmetries of infinitely growing formal orders, without 
assuming a priori the existence of hereditary recursion operator [[J or e.g. of "negative" master sym- 



metries Tj, j < So, our results provide a useful complement to the known general results on 
master symmetries, cf. e.g. || f|, [5|, |i9| . 

It is important to stress that in general the symmetries Qj are not obliged to commute pairwise. 
The check of their commutativity and picking out the commutative subset in the sequence of Qj can 
be performed using either the results of present paper or other methods, see e.g. |], f|, ||, [19| . 

We often can take [r, F] or F for Q, and then in order to use Theorem 1 it suffices to know only 
a suitable 'candidate' r for the master symmetry. 



For instance, integrable Harry Dym equation Ut = u 3 u 3 = H, see e.g. M, fbl, satisfies the con- 



ditions of Proposition |T| and of Theorem [l] for all i = 2, 3, . . . with a = 3, b = 5, A = A(Q\jac,h), 
t = u 3 D 3 {uui) = r + u 3 u 3 u>i, r G A\ oc , Q = [t, u 3 u 3 ] = 3m 5 m 5 + • • • G Anri H (A). In particular, the 
nonlocal variable u\ in r is defined by means of the relations duoi/dt = —uui — u\/2, duj\/dx = u^ 1 
(informally, uj\ = D^^u^ 1 )). Thus, by Theorem [l| Qj = ad^.(Q) G Aim H (A), j = 1,2,.. ., together 
with Q_i = u 3 u 3 G Ann//(^4i oc ) and Q = Q form the infinite hierarchy of time-independent sym- 
metries for the Harry Dym equation. The commutativity of Qj, j = —1, 0, 1, . . ., readily follows from 
Corollary 0. Note that it is possible to show that Qj, j = 0, 1, . . ., are in fact local generalized symme- 
tries of Harry Dym equation and coincide with the members of hierarchy generated by means of the 
recursion operator 91 = u 3 D 3 ouoD~ 1 ou~ 2 from the seed symmetry u 3 u 3 up to the constant multiples. 
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